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Abstract An expression for the vertical equilibrium concentration profile of heavy parti-
cles, including the effects of canopy on the eddy diffusivity as well as corrections for atmo-
spheric stability, is proposed. This expression is validated against measurements of vertical
concentration profiles of corn pollen above a corn field. The fitted theoretical profiles show
that particle settling is correctly accounted for. The sensitivity to variations in the turbulent
Schmidt number, settling velocity and stability corrections are explicitly characterized. The
importance of independent measurements of the surface flux of pollen in future experiments
is noted.
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1 Introduction
Wind dispersion of airborne pollen (anemophilous) has been a subject of interest for botanists
and allergists for a long time (e.g., Aylor and Parlange 1975). More recently, the development
of genetically modified crops and questions about cross-pollination and subsequent contam-
ination of natural plant populations has brought even more interest to this field (e.g. Aylor et
al. 2003). A crucial question is how far from the source field the pollen grains will be trans-
ported and how this distance is affected by turbulence and aerodynamic characteristics of the
pollen grain. In order to answer this question, an understanding of the relative importance of
gravitational settling, turbulent diffusion and mean wind advection is needed. In this work,
we study the effect of gravitational settling, turbulent diffusion and atmospheric stability on
the resulting equilibrium concentration profiles of airborne pollen.
Interest in equilibrium (steady state) profiles of suspended particles has a long history and
the first analytical results are due to Prandtl (1952). Concerned mostly with profiles of blown
snow and sand, as well as sediment transport in rivers, Prandtl assumed a balance between
vertical turbulent diffusion and gravitational settling to write
Kc
dC
dz
+ wsC = 0, (1)
where z is the distance from the ground, C is the particle concentration, Kc is the particle
eddy diffusivity and ws is the settling velocity. Modelling the diffusivity as Kc = κzu∗,
where u∗ is the friction velocity and κ is von Karman’s constant, integration of (1) yields
Prandtl’s power law profile
C
Cr
=
(
z
zr
)−ws/κu∗
, (2)
where Cr is the particle concentration at the reference level zr .
A more rigorous analysis starting from the conservation equation for C and assuming
horizontal homogeneity and steady state leads to
d
dz
(
Kc
dC
dz
)
+ ws dCdz = 0. (3)
If ws is assumed to be constant, integration of (3) gives
Kc
dC
dz
+ wsC = −, (4)
which is equivalent to (1) if the constant of integration  is assumed to be zero. However,
Kind (1992) argued that this assumption cannot be physically justified since  is the net ver-
tical flux resulting from the imbalance between turbulent diffusion and gravitational settling,
which are not closely coupled. Kind proposed a more general solution taking into account
the non-zero flux
C
Cr
=
(
C∗
Cr
u∗
ws
+ 1
) (
z
zr
)−ws/κu∗
− C∗
Cr
(
u∗
ws
)
. (5)
where C∗ = /u∗. Expression (5) reduces to the power law when  = 0.
Kind (1992) presented some experimental evidence based on previous data for blown
snow published by other authors suggesting that the data trends were better predicted by Eq.
(5) than Eq. (2). However, his analysis was based on crude estimates for the ratio Cr/C∗. The
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strongest point in favour of Kind’s theory is that it recovers the well-known logarithmic
profile (e.g., Monin 1970) in the limit ws → 0:
C
Cr
= 1 − C∗
κCr
ln
(
z
zr
)
. (6)
Not many authors have tried to verify the applicability of Kind’s expression, most prob-
ably because of difficulties in measuring the surface flux of particles. Gillies and Berkofsky
(2004) used measured profiles of suspended dust to assess the validity of expressions (2),
(5) and (6). Their comparisons show that the logarithmic profile fits the data better than the
power law. Although the authors do not explicitly mention it, one can conclude from their
work that for small dust particles, neglecting gravitational settling is less problematic than
neglecting the non-zero surface flux. In Gillies and Berkofsky (2004) no explicit evaluation
of the profile predicted by Kind (which includes both effects) is made. Their analysis is
restricted to verifying the range of variation of the parameter Cr/C∗.
Xiao and Taylor (2002) performed single column numerical simulations of blown snow
profiles. Their results show that as the steady state condition is approached the surface flux
stabilizes at values  = 0, confirming the importance of retaining this term. Furthermore,
they also noted that the approximation  = 0 is better for larger particles. Their analysis of
vertical concentration profiles indicates that Eq. (5) is better than the logarithmic profile (6),
but their results display some dependence on the imposed upper boundary conditions.
In this work, we modify Kind’s profile (5) to account for changes in the eddy diffusivity
induced by the canopy as well as variations in the atmospheric stability. The applicability
of the resulting equations to vertical concentration profiles of suspended corn pollen grains
measured in a field experiment is investigated.
2 Eddy diffusivity and atmospheric stability
Before expression (5) can be applied to predict the concentration of airborne pollen grains,
some modifications are needed. First, Kind (1992) assumed that the eddy diffusivity for par-
ticles is the same as for momentum and that the latter is given by Km = κzu∗. Since in
this case we are interested in the flow over canopies, the momentum diffusivity is modified
by the introduction of the displacement height (d) and becomes Km = κ(z − d)u∗ (e.g.,
Brutsaert 1982; Kaimal and Finnigan 1994). On the other hand, all the evidence points to the
fact that the eddy diffusivity for scalars is larger than for momentum in the canopy roughness
layer d ≤ z  3h, where h is the canopy height (e.g., Finnigan 2000). The difference in
diffusivities can be accounted for by introducing a Schmidt number (Sc) thus expressing the
eddy diffusivity as
Kc = κSc (z − d)u∗, (7)
where Sc can be a function of z.
In deriving Eq. (5), Kind also assumed neutral atmospheric stratification arguing that
when aeolian transport occurs wind speeds are relatively high and neutral stratification is a
good approximation. Although neutral stability is a good starting point, significant transport
occurs under stable stability and especially during daytime under unstable conditions. Thus
the influence of stability on the shape of the profiles has to be taken into consideration. Tra-
ditionally the effects of atmospheric stability on surface-layer phenomena are represented by
using Monin–Obukhov similarity theory (Monin and Obukhov 1954). For passive scalars,
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the way to proceed is to express the vertical dimensionless gradient of the concentration as
a function of the distance to the ground and the Obukhov length L ,
1

(
Kc
dC
dz
)
= κ(z − d)
ScC∗
dC
dz
= −φc
(
z − d
L
)
, (8)
where φc is the similarity function for concentration. Note that the left-hand side of the
expression emphasizes the fact that the similarity function is equivalent to the turbulent flux
normalized by the surface flux.
By analogy we may write the dimensionless vertical flux for particle concentration (now
composed of turbulent and settling parts) as
1

(
Kc
dC
dz
+ wsC
)
= κ(z − d)
ScC∗
dC
dz
+ ws
u∗
C
C∗
= −φc
(
z − d
L
)
. (9)
Integration of expression (9) requires the specification of functions for Sc and φc. At this
point this would have to be done based on experimental data and requires measurements of
the surface fluxes. In order to be able to proceed in the absence of such data, we first assume
that the diffusivity and the Schmidt number for pollen dispersion are the same as for other
scalars such as temperature and humidity. Finnigan (2000) suggested that the diffusivity for
scalars is about two or three times larger than Km = κ(z−d)u∗ at canopy height and approx-
imately equal to Km at the top of the roughness layer (z ≈ 3h). As a first approximation, we
assume a constant value for the Schmidt number within the entire roughness layer. Li and
Taylor (2005) suggest that, based on their three-dimensional inertial Lagrangian stochastic
model, a constant Schmidt number used together with the settling velocity in still fluid may
be a good approximation. We further assume that φc((z −d)/L) = φc(ζ ) can be represented
by the traditional Businger–Dyer relations for passive scalars (Businger et al. 1971; Dyer
1974):
φc(ζ ) =
{
(1 − 16ζ )−1/2 ζ < 0,
1 + 5ζ ζ > 0. (10)
There are many questions whether the Businger–Dyer functions (or other similar expres-
sions) are valid for momentum and heat fluxes above canopies (e.g. Raupach 1979; Finnigan
2000). We reproduce in Fig. 1 the data from Raupach (1979) and Viswanadham et al. (1987)
above temperate and tropical forests as assembled by Shuttleworth (1989). Fig. 1a shows good
agreement between the data and the similarity functions for momentum (φm). In Fig. 1b the
data and similarity functions for both temperature (φh) and humidity (φq ) are shown. As noted
by Raupach (1979), the similarity functions (10) for scalars overpredict the dimensionless
fluxes by a factor of two. Note that for passive scalars, adopting a similarity function equal
to (1/2)φc is the same as using Sc = 1/2 and keeping the traditional form of φc. We adopt
the latter and assume Sc = 1/2 within the roughness layer.
Using the similarity functions (10) and assuming Sc to be constant, Eq. (9) can be inte-
grated (details are presented in the Appendix A) to obtain
C
Cr
=
[
C∗
Cr
u∗
ws

(
zr − d
L
)
+ 1
] (
z − d
zr − d
)−α
−
(
C∗
Cr
)
u∗
ws

(
z − d
L
)
(11)
where α = wsSc/κu∗ is a measure of the ratio settling/diffusivity. The stability corrections
(ζ) are given by
(ζ) =
{
2 F1(α, 1/2; 1 + α; 16ζ ) ζ < 0
1 + 5
(
α
α+1
)
ζ ζ > 0.
(12)
123
Concentration profiles of particles in the neutral and stratified layer 29
 0.1
 1
-0.6 -0.4 -0.2  0  0.2  0.4
φ m
(z-d)/L
(a)
 0.1
 1
-0.6 -0.4 -0.2  0  0.2  0.4
φ h
,
φ q
(z-d)/L
(b)
Fig. 1 Similarity functions of (a) velocity and (b) temperature (circles) and humidity (triangles). Full symbols
from temperate forest and open ones from tropical forest (adapted from Shuttleworth (1989)). Solid lines are
the Businger–Dyer functions and dashed line is (1/2)φc , which can be interpreted as Sc = 1/2
Here 2 F1(a, b; c; x) is the Gauss hypergeometric function. In practice, the approximation
for the hypergeometric function proposed by Butler and Wood (2002) and presented in the
Appendix B can be used. Equation (11) can be considered a generalization of Kind’s expres-
sion including the effects of the canopy and atmospheric stability.
It is worth mentioning that if expressions (12) are substituted into equation (11) and the
limit ws → 0 is taken, the traditional Monin–Obukhov expressions for passive scalars are
recovered.
For neutral conditions Eq. (11) reduces to
C
Cr
=
(
C∗
Cr
u∗
ws
+ 1
) (
z − d
zr − d
)−α
−
(
C∗
Cr
)
u∗
ws
. (13)
This is Kind’s equation with the eddy diffusivity given by (7), which will be further studied
in the next section.
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3 Experimental results
A field experiment to measure airborne corn pollen concentration and turbulence statistics
took place in July 2004 close to Queenstown, Maryland. The cornfield was located in a flat
region and was approximately 900 × 300 m2. The average height of the corn was h = 3 m.
Pollen concentrations were measured approximately at the centre of the field at four different
heights (z = 3, 3.75, 4.5 and 6 m) using Rotorod (Multidata) rotating impact samplers (each
sampler provided two independent measurements). Momentum and heat fluxes were mea-
sured with 3D sonic anemometers (Campbell Scientific) at two heights (z = 3 m and 4.5 m)
along with standard meteorological measurements. The experiment is explained in detail by
R. van Hout et al. (Priv. Comm. 2006).
Here only data from the days when pollen concentrations were high and eddy correlation
measurements were available are used (July 16th, 17th and 19th). Sampling intervals were
1 h in the morning (0600–1200 Eastern Daylight saving Time (EDT)) and 2 h in the afternoon
(1200–1800 EDT). Pollen concentrations always peaked during the morning hours, decay-
ing during the afternoon. Some early morning or late afternoon sampling periods had very
small concentrations and those measurements were considered statistically unreliable (i.e. the
difference in pollen counts between the two independent rods of each sampler was large). To
avoid problems, only sampling periods displaying concentration C(z = h) > 10 grains m−3
are used in this work and concentration values are the average of the two rods during the same
sampling period. As an example, the diurnal evolution of pollen concentrations for July 16th
is shown in Fig. 2a. For a detailed analysis of the experimental results, the reader is referred
to R. van Hout et al. (Priv. Comm. 2006).
As a first step, neutral conditions are assumed and the applicability of Eq. (13) is tested.
The displacement height is assumed to be d = (2/3)h as suggested by Brutsaert (1982), and
Sc = 1/2 as mentioned in the previous section. The settling velocity is assumed to be the
same as the terminal velocity in still air and is estimated using Stokes law while assuming a
spherical pollen grain. Here the value for corn pollen grains wts = 0.27 m s−1 estimated by
R. van Hout et al. (Priv. Comm. 2006) is used. This value was obtained using the corn pollen
density and diameter measured by van Hout and Katz (2004). Note that the pollen grain
diameter used (dp = 89.2 µm with σdP = 3.8 µm) is for fully hydrated grains (i.e. immersed
in water). Under field conditions the water content of the pollen grains may decrease depend-
ing on the elapsed time after release from the anther. Consequently, the pollen diameter may
decrease leading to somewhat smaller settling velocities (Aylor 2002). Pollen size distri-
butions from the field where the experiment was conducted are not very different and are
discussed by R. van Hout et al. (Priv. Comm. 2006).
Since independent measurements of the surface pollen flux ( = C∗u∗) are not available,
to each profile the flux and the reference concentration (Cr) at zr = 3 m are fit in Eq. (13)
by minimizing the mean square error (MSE) between the profile and the data. The Matlab
implementation of the simplex search method of Lagarias et al. (1998) is used. Note that
although values of Cr are available from the field data, they are not imposed (i.e. they are
also fitted). The MSE is then determined based on the four measurement heights available
and the fitted profile is not required to pass through any of the data points. Tests performed
by actually imposing Cr and calculating the MSE based on the three remaining points yield
very similar results, with slightly larger MSE values.
The experimental data (together with error bar estimates based on the two concentration
measurements available at each height) and the fitted profiles for July 16th are shown in
Fig. 3. The corresponding time series obtained for the surface flux is presented in Fig. 2b.
Positive flux values are associated with upward fluxes and negative values (such as the one
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Fig. 2 (a) measured pollen concentrations for July 16th at: z = 3 m (), z = 3.75 m (◦), z = 4.5 m ()
and z = 6 m () and (b) estimated surface pollen fluxes using the neutral profile (•) and including stability
correction (◦)
obtained for the second run of July 16th) correspond to surface deposition. It is important to
note that, in the field experiment being analyzed where the only pollen source is the under-
lying homogeneous field, negative fluxes do not make sense under equilibrium conditions.
The fact that a negative value was obtained will be discussed later.
The main difference between concentration profiles of pollen grains (or other heavy parti-
cles) and scalars such as temperature and humidity is the effect of gravitational settling. It is
therefore of interest to investigate whether this effect is correctly incorporated in expression
(13). To approach this question without independent measurements of the surface fluxes,
profiles are fitted to the data (in the same way as before) using different values of settling
velocity. Each value of settling velocity yields optimal values of Cr and , as well as an
optimal mean square error. The output of this procedure is a relationship between the set-
tling velocity used and the corresponding optimal MSE obtained for each sampling period.
Results for July 16th, 17th and 19th are shown in Fig. 4, where the normalized optimal mean
square error (MSE/C2r ) is plotted as a function of the ratio between settling velocity (ws) and
terminal velocity in still air (wts).
If the effect of gravitational settling is correctly represented by the theoretical profile,
the MSE would be minimum for the correct value of the settling velocity (in the absence
of experimental errors). As can be noted, most of the curves are marked by a significant
decrease in the mean square error near ws/wts = 1. In fact, from the 19 runs available, 12
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Fig. 3 Vertical concentration profiles: measured data (•), neutral fits (dashed lines) and stability-corrected fits
(dotted lines—almost indistinguishable) for July 16th (a) 0700–0800 EDT (b) 0800–0900 EDT (c) 0900–1000
EDT (d) 1000–1100 EDT (e) 1100–1200 EDT (f) 1200–1400 EDT (g) 1400–1600 EDT and (h) 1600–1800
EDT
have the optimal fit (indicated by the dots) within the range 1/2 < ws/wts < 2. This is good
agreement, especially if one realizes that the settling velocity used as reference is estimated
for still air and does not take in account the effect of turbulence (e.g., Wang and Maxey 1993).
Pollen size distribution and uncertainties in hydration level of the pollen grains and the value
of the Schmidt number contribute to the scatter. Note that only in three cases the smallest
value of ws yields the best result, meaning that only in these three cases the logarithmic profile
assuming ws = 0, describes the data better than Eq. (13). Efforts to correlate these cases with
atmospheric stability, friction velocity, or other important characteristic parameters did not
yield any conclusive results. The results presented in Fig. 4 provide substantial evidence that
the theoretical profile represented by Eq. (13) captures the effects of gravitational settling
correctly. The fact that the surface fluxes (Fig. 2b) are different from zero also confirms the
importance of retaining this term in the Eq. (4).
At this point it is important to recognize that the uncertainty in the value of the Schmidt
number, the settling velocity or the form of the stability correction may have an important
effect on the results presented so far. A natural question that therefore arises is how sensitive
the results are to changes in these parameters. With respect to the Schmidt number, although
the value Sc = 1/2 seems to be an obvious choice based on Fig. 1, several values have
been suggested based on different datasets. In Fig. 5a we plot the optimal values of the ratio
ws/w
t
s for each run using Sc = 1, 1/2 and 1/3 (the change for the same run is highlighted
by connected dotted lines). It is clear that increasing the turbulent diffusion (i.e. decreasing
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Fig. 4 Normalized mean square error of the fitted profiles as a function of the settling velocity ratio for each
run of (a) July 16th, (b) July 17th, and (c) July 19th. The solid circles mark the minimum MSE
the Schmidt number) also increases the optimal value of the settling velocity. Although fits
using the terminal velocity wts become worse for Sc = 1 or Sc = 1/3 (i.e. the MSE becomes
larger), if the optimal settling velocity is used the quality of the fits is independent of the
Schmidt number and it is difficult from these data to decide upon an adequate value of Sc.
In Fig. 5b the time series of surface pollen fluxes for each value of Sc and wts = 0.27 m s−1
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Fig. 5 Effect of the Schmidt number with Sc = 1 (), Sc = 1/2 (•), and Sc = 1/3 (◦). (a) Optimal value
of settling velocity ratios for all 19 runs and (b) fitted surface fluxes for July 16th. Note: dotted lines in panel
(a) connect points for the same run
are shown. It is clear that the value of the fluxes obtained is very sensitive to changes in Sc,
and this could be used to determine the value of Sc when measurements of  are available
(and ws is known). In a similar way, one can analyze the sensitivity of the fitted surface flux
to the prescribed settling velocity. In Fig. 6, the obtained surface flux time series are plotted
for the terminal velocity wts and for values 25% larger and smaller. Variations of the settling
velocity due to effects of turbulence and size distribution of pollen grains can be even larger
than that.
The next step is to evaluate the effect of the stability corrections on the shape of the profiles
and on the quality of the fits. Equation (11) can be fitted to the data in the same way as Eq.
(13), but now taking into account the measured value for the Obukhov length. The resulting
profiles for July 16th are presented in Fig. 3 and almost no difference is observed between
them and the neutral fits (the average mean square error is slightly smaller, but the difference
is too small to draw any conclusions). However, one should note that although the resulting
profiles are almost similar, the obtained surface fluxes are quite different. This fact is evident
in the time series of the fluxes, shown in Fig. 2b. Although based on the present data we
cannot adequately judge if the stability correction (mostly the Businger–Dyer functions) is
correct, the large differences found between fluxes (up to 100%) suggest that this may be an
important issue that should be explored in future studies.
To further stress the importance of the stability corrections, we investigate differences
between profiles when the surface parameters (Cr and ) are kept constant. As an example,
123
Concentration profiles of particles in the neutral and stratified layer 35
-40
-30
-20
-10
 0
 10
 20
 30
 40
 6  8  10  12  14  16  18
Φ
 
[g
ra
in
s m
-
2  
s-
1 ]
time (EDT)
Fig. 6 Effect of the settling velocity on the fitted surface fluxes for July 16th. ws = 0.75wts (◦), ws = wts (•),
and ws = 1.25wts ()
we use the data from the period between 1100 and 1200 EDT for July 16th: u∗ = 0.52 m s−1,
Cr = 240 grains m−3 and  = 11 grains m−2 s−1 (arbitrarily taken from the neutral fit). Pro-
files are calculated for neutral, unstable (L = −30 m) and stable (L = 30 m) atmospheric
conditions. Both the logarithmic prediction (6) and Eq. (11) are shown in Fig. 7. It is clear
that for the present data (i.e. heavy pollen grains) the effect of gravitational settling on the
profiles is very strong. However, more important here, Fig. 7 suggests that the effect of the
stability corrections in the case of heavy particles is important.
4 Conclusions
A new expression for equilibrium concentration profiles of particles settling in the atmo-
spheric surface layer has been proposed. This is an extension to the expression proposed by
Kind (1992) to incorporate the effect of the canopy on the eddy diffusivity, as well as the
influence of atmospheric stability. In the derivation of the proposed expressions, a constant
Schmidt number and the applicability of the Businger–Dyer functions for suspended particles
are assumed.
Corn pollen concentrations above a cornfield are used to verify the validity of the pro-
posed theoretical profile. The theoretical profiles are fitted to the experimental data and show
good agreement. It is observed that the mean square error is minimized near the still air
settling velocity providing evidence that the effect of gravitational settling has been correctly
incorporated into the proposed expression. The importance of considering the corrections for
atmospheric stability is clearly exhibited.
The final expression aims to predict the vertical concentration profile under conditions
where settling velocity, Schmidt number, atmospheric stability (and the appropriate shape for
the similarity functions), surface particle flux, displacement height and friction velocity are
known. Other applications are also possible, in the same way as the log-law has been tradi-
tionally used to determine the displacement height and the surface roughness from measured
velocity profiles. However, one has to be careful in such applications, since determination of
a given parameter can depend critically on the values assigned to the other quantities. Sensi-
tivity tests performed show for example a strong dependence of the fitted surface flux on the
adopted Schmidt number, settling velocity as well as on the corrections for atmospheric sta-
bility. Additional experiments, including simultaneous measurements of the particle surface
123
36 M. Chamecki et al.
 4
 6
 8
 10
 12
 0  50  100  150  200  250
z 
[m
]
C [grains m-3]
(a)
no settling ➙
eq. (6)
settling➙
eq. (11)
-12
-10
-8
-6
-4
-2
 0
 1  10
(C
-C
r)/
C *
(z-d)/(zr-d)
(b)
no settling ➚
eq. (6)
settling ➚
eq. (11)
Fig. 7 Influence of stability corrections on the logarithmic profile (6) and on the proposed profile (11). (a)
arithmetic scale and (b) traditional logarithmic scale. Neutral profiles (continuous lines), unstable (dotted
lines) and stable (dashed lines)
fluxes, atmospheric stability, and all the other relevant quantities are required to determine the
appropriate value (or functional dependence) for the Schmidt number and to verify whether
the Businger–Dyer functions can be used for heavy particles such as pollen grains.
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Appendix A
Integration of Eq. (9) is done by introducing ζ = (z − d)/L and rearranging the terms as:
dC
dζ
+ α
ζ
C = − ScC∗
κζ
φc(ζ ), (14)
which is a simple form of the Bernoulli differential equation and has the solution
C(Lζ + d) =
(
ζ
ζr
)−α [
− ScC∗
κ
I (ζ ; ζr ) + Cr
]
, (15)
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where
I (ζ ; ζr ) = 1
ζr
∫ ζ
ζr
(
η
ζr
)α−1
φc(η)dη, (16)
η is an integration variable and the Schmidt number is assumed to be constant. Equation (16)
is the starting point if similarity functions different from the Businger–Dyer equations are to
be used.
If φc(η) = (1 + 5η) is used for stable conditions, expression (16) is easily integrated to
I (ζ ; ζr ) = 1
α
[(
η
ζr
)α (
1 + 5α
α + 1η
)]ζ
ζr
. (17)
For unstable conditions, if φc(η) = (1 − 16η)−1/2 is used one obtains:
I (ζ ; ζr ) = 1
α
[(
η
ζr
)α
2 F1(α, 1/2; 1 + α; 16η)
]ζ
ζr
. (18)
Substitution of both integrals into Eq. (15) and transforming back from ζ to z yields expres-
sions (11) and (12).
Also note that Eq. (11) can be written in the following possibly more useful form:[
C(z) + C∗u∗
ws

(
z − d
L
)]
(z − d)α = K, (19)
where K is a constant completely determined in terms of quantities at the reference level:
K =
[
Cr + C∗u∗
ws

(
zr − d
L
)]
(zr − d)α. (20)
Appendix B
The stability correction for the profile under unstable atmospheric conditions is given by the
Gauss hypergeometric function defined as
2 F1(a, b; c; x) =
∞∑
k = 0
(a)k(b)k
(c)k
xk
k! , (21)
where (λ)0 = 1 and (λ)k = 
(λ + k)/
(λ) and 
 is the gamma function (e.g., Lebedev
1972). In practice the function can be evaluated using a numerical procedure (e.g., Press et al.
1997 p. 263) or the Laplace approximation presented by Butler and Wood (2002):
2 F1(a, b; c; x) ≈ cc−1/2r−1/22,1
(
yˆ
a
)a (1 − yˆ
c − a
)c−a
(1 − x yˆ)−b, (22)
where
τ = x(b − a) − c,
yˆ = 2a√
τ 2 − 4ax(c − b) − τ ,
r2,1 = yˆ
2
a
+ (1 − yˆ)
2
(c − a) −
bx2
(1 − x yˆ)2
yˆ2
a
(1 − yˆ)2
(c − a) . (23)
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Tests were performed with combinations of typical values for u∗, ws , Sc and (z − d)/L and
the error introduced in the profiles C(z) by using Eqs. (22) and (23) instead of numerical
approximations is very small.
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